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Starting from a comparative study of various methods for uncertainty propagation, this paper presents a novel
reduced quadrature technique to be used in gradient-based robust design optimization of aerodynamic shapes. The
accuracy and computational efficiency of the method are investigated by means of mathematical analyses and
numerical examples. The method is then applied to the robust design of airfoils under probabilistic uncertainty. It is
shown that the solutions obtained through the proposed method can outperform those obtained through
linearization, without any significant increase in computational cost.

Nomenclature
F = robust objective function
f = objective function
G; = ithrobust constraint function
g; = ith constraint function
n = dimension of design space
py = joint probability density function of multivariate random
variable y
x = vector of design variables
I', = kurtosis of random variable y
y, = skewness of random variable y
iU, = expectation of random variable y
O')', = standard deviation of random variable y

L

ODERN aerodynamic design relies on the use of computa-

tional fluid dynamics (CFD) tools to predict the performance
of the aerodynamic shape under consideration. Very promising
designs can be obtained, in principle, by coupling the CFD code with
an appropriate optimization algorithm. However, at the inception of
the development process, the complete problem frame is usually only
approximately known, the adopted computer models have low
fidelity and assumptions based on previous experience have to be
largely used. Because of such an uncertain basis, the aerodynamic
shape may require several adjustments before the design is frozen. If
the identified optimal solution is sufficiently sensitive to per-
turbations of the design variables, such adjustments may severely
degrade the original design performance and would require rework or
fixes. These observations highlight the usefulness of seeking the
shape robustness against unforeseen changes, which is the main
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motivation behind our research and can be ascribed to the field of
robust design optimization (RDO) [1]. The original RDO
methodology is due to Taguchi, and it was based on direct exper-
imentation, as documented by the English book on the subject by
Phadke [2]. It was then extended to simulation-based design and
gradually improved by using nonlinear constrained optimization
techniques [3]. The constrained RDO strategy is made up of three
main parts. The first stage consists of identifying, qualifying, and
quantifying the sources of uncertainty associated with the design
input and the analysis modules. This is usually done by means of
stochastic models. The second phase consists of propagating the
uncertainty through the analysis system to obtain a probabilistic
description of the objective functions and constraints. Robust forms
of objectives and constraints typically depend on expectation and
variance of their deterministic counterparts. Finally, the third stage
consists of optimizing the robust objectives subject to the robust
constraints. The robust optimal design is such that the expectation of
the objectives is optimized and their variances are minimized. This
paper focuses on the second stage of RDO. Existing approaches to
perform such a task, which include the Monte Carlo simulation
(MCS), the Taylor-based method of moments (MM), the Gaussian
quadrature (GQ), and stochastic expansion (SE), show significant
drawbacks when applied to classical gradient-based shape opti-
mization. Such difficulties are either due to the unsatisfactory
accuracy of the propagation or to its excessive computational cost.
This paper addresses these two issues: its main objective is to present
anovel propagation technique, which exhibits a convenient tradeoff
between the accuracy and the efficiency of mean and variance
approximations and supplies robust objectives and constraints in a
form that can be suitably handled by gradient-based optimizers. Such
a technique may constitute an alternative to uncertainty analysis
based on first-order derivatives, which has often been used in RDO
due to its simplicity and computational speed. This is because the
accuracy of the proposed method (as demonstrated later on in the
paper) is higher than that of the moment propagation based on first-
order derivatives in the case of nonlinear problems, while the
computational cost of the two approaches is comparable.

The paper is structured as follows. The mathematical formulation
of the RDO problem is outlined in Sec. II, along with a review of
suitable uncertainty quantification approaches. The novel prop-
agation method is reported in Sec. III. By employing a set of simple
but meaningful analytical functions, the method is compared in
Sec. IV to uncertainty propagation strategies based on linearization,
higher-order expansions, and Stroud quadrature formulas [4—6]. The
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application of the proposed technology in the framework of gradient-
based RDO is examined in Sec. V, while in Sec. VI, the novel
propagation approach is contrasted with linearization as applied to
the problem of robust shape optimization of a transonic airfoil under
geometric uncertainty. Conclusions are drawn in Sec. VII.

II. Background

Assume that the design analyses consist of evaluating the
functions f(x) and g;(x), i=1,2,...,I, with x € R". The
deterministic design optimization problem can be formulated as
follows:

Find
x e R* D
to minimize
f(x)
subject to
g(x) <0, i=12,....1
and

The identification and quantification of uncertainties affecting the
input variables and/or parameters by means of probabilistic models
renders problem (1) stochastic. The resulting design optimization
problem under uncertainty can be written as follows:

Find

Ly ER" @)
to minimize
Wy + ksoy
subject to
Mg, —|—kg,_0g,_ <0, i=12,...,1
and

XL+kxax < My $XU_k)(a)(

where k/, k,,, and ky are suitably chosen coefficients. If all variables
are continuous, the mean and variance of f(x) are given by

1y = ELf(x)] = / ™ FX)pe(x) dx 3)

of = E[(f(x) — s)*] = / ) - pwPps(x)dx (@)

Unfortunately, a closed-form solution for these integrals does not, in
general, exist for problems of practical interest. The numerical
approximation of these statistical moments requires a tradeoff
between computational cost and accuracy. Existing methods for
performing such a task, also termed uncertainty propagation, include
the Taylor-based MM, the GQ techniques, the MCS methods, and
SE. Such methods are reviewed in the following subsections.

A. Taylor-Based Moment Propagation

When the system response is differentiable a sufficient number of
times with respect to the uncertain variables X, its statistical moments
can be calculated through a Taylor-series expansion around g . The
resulting method is also known as MM. Consider the Taylor-series
expansion of f truncated to the fourth order:

faw = F) + ZI(BBTf)A
62 Z Z(ax dx, 0x )Aprqux,

p=1 g=1 r=1
*2 Z:f ; Z ;(Bx x,0x,0x )Ax],qu A A,
+ 0(AX®) 5)

inwhich Ax, = x, — u, and the partial derivatives of f withrespect
to the input variables are computed at x = u,. The term O(Ax’)
denotes the remainder; that is, all terms of order five and higher. In the
case of independent input variables, the following expressions can be

obtained for mean and variance:

fTI/W_
K = / Sumpx dx = f(’LX)+ZZ( ) 0%,
My
3f o 0*f
ST RS

Ms

SZZ(WB) 0%, + (o) (©)

=(,1

Vi

d

+o0 n

G}MM = / (fvm — M_fMM)sz dx = Z(—f)af
o = ox,/

v, V3
’f 3 >’ f af )
+Z(8x )( )V "”+Z:;(ax23x )( )"v%
q7#p
v, Vs
1 n n aZf 2 ) 33f .
322 (am) 452 )t
q#p
Ve
32
42( f) r, — Dot +0(0)) )

where the term O(073) denotes all monomials of order five or higher:
namely, terms proportional to 07 , 03 03 , 03 07 , etc. As in Eq. (3),
the partial derivatives of f with respect to the input variables are
computed at X = pt,. The skewness y, and the kurtosis I', ~for
variable x,, are defined as follows:

E[(xp — My )%]

Ve = ®)
E[(x, — py )*
ro- [(x, 4u,,)] ©
P o

Xp

Hereafter, a Roman number will indicate the truncation order of the
method: e.g., | MM will denote first-order MM, and so on. I MM is
often used in literature [7-10]. However, even for relatively small
spread of the input variables, the accuracy of the method may be
severely spoiled by nonlinearities in the system response. One way of
improving this method would be to consider higher-order Taylor-
series expansions: for example, retaining second-order terms
[8,11,12]. The downside associated with this strategy is that, while
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the second-order terms guarantee a better accuracy of the
approximation to the mean by retaining the term M, in Eq. (6), this
is not necessarily the case for the approximation to the variance.
Consider Eq. (7) in the case of symmetric input variables, for which
the term V, is zero. The estimation of the variance of order o%,
required to improve the accuracy with respect to the linearization, is
obtained by retaining not only the terms V, and V, but also the terms
V5 and V5. However, this would require the calculation of the third
derivatives contained in V3 and V5. The principal advantage of this
method is a great computational efficiency, to a degree that depends
on the available methods for calculating derivatives. In particular, it
benefits from techniques such as automatic differentiation (AD) [13—
16], which allows one to obtain, at a low computational cost,
derivatives that are exact to machine accuracy or the complex
variable method (CVM) [17].

B. Gaussian Quadrature

GQ formulas give the approximation of the integral of a function
f(x) onadomain D C R”" by a properly weighted sum of particular
values f(x;),i =1, ... N, where the x; are N suitably selected points
in D, also called nodes. For the case of scalar x, such formulas require
the fewest evaluations to obtain a given degree of accuracy, and they
are largely used in practice. The straightforward approach to
multivariate integration is called a product rule, which consists of
applying such formulas to each of the n dimensions of D. More
precisely, assume that D = D; X D, x ... x D,, where x denotes
the Cartesian product, and D; C R, fori =1, ..., n. If we apply the
same one-dimensional integration rule with N nodes and given
weights W, to each D;, the integrals in Eqgs. (3) and (4) can be
approximated as follows:

N N N
Moo = Z Wi {Z Wi [ . Z Wmf(xil,iz.m.m)]} (10
i 2 n

N N N
U%GQ = Z Wi <Z Wi { . Z Wil f (Xivi2...in) — MfGQ]2}>
il 2 in
(11

Three-node formulas (N = 3) are usually adopted to obtain a
sufficient accuracy. The arrays of design variables in Eqs. (10) and
(11) are distributed at the vertices of an hypergrid of dimension 3".
The vector associated with il =i2 =--- = in =2 corresponds to
the mean of the input variables p,. Denoting suitable scalars by A
and A, the states with one or more subscript i p equal to one have the
corresponding components perturbed by h~o,, with respect to their
mean, whereas the states with one or more subscript i p equal to three
have the corresponding components perturbed by h+0x,,,« Three
values for weights W; and the values for 2™ and A~ then have to be
determined.

In the field of statistical tolerance design, for the case of
independent Gaussian variables Taguchi [18] proposed a solution
for which equal weights W; =3, and h* = —h™ = hgq = f were
used. D’Errico and Zaino [19] modlﬁed this approach, suggestmg the
adoption of hgq = /3 and distinct weights W, = {6 5 6}. Seo and
Kwak [20] generalized this approach to consider non-Gaussian
distributions. However, methods adopting full factorial designs,
despite attaining an accuracy of O(c3), have limited application in
computational robust design [21], since the number of function
evaluations required is 3"”. Evans [22] proposed an improved
integration technique for which the approximated mean and variance
can be obtained from the weighted sum of 2n* + 1 function
evaluations, corresponding to suitable sampling points in the input
space. Evans also showed that the error of his formula is O(073) in the
general case and O(a%) in the case where all the input distributions
are symmetric. Other similar techniques, known by the name of
sigma-point (SP) methods [23-26], were developed for control
systems applications. They require 2z 4 1 function evaluations and
exhibit an error of O(073) in the general case and O(0%) in the case

where all the input distributions are symmetric. A general framework
for reduced-order quadrature formulas is provided by the generalized
dimension-reduction method [27], which can be considered as
embracing both Evans method [22] and SP methods as bivariate and
univariate formulas, respectively. In particular, the univariate method
[28] has received special attention in recent literature [29-33].
Quadrature formulas requiring n 4+ 1 and 2n function evaluations
were introduced by Stroud [4,5] to exactly integrate polynomials of
order two and three, respectively, and extended to calculate
expectation integrals by Xiu [6], who gave weights and nodes for
various symmetric and asymmetric distributions. Their accuracy is
O(02) for both mean and variance estimations.

C. Monte Carlo Methods

Several techniques, collected here under the name of the MCS
methods, originate from the stochastic interpretation of the integrals
in Egs. (3) and (4). Probability distributions over the outputs of a
process induced by the probability distribution over the inputs are
obtained by performing m repetitions of the process, each of which
corresponds to a sampling point x; drawn from the input space. For
the simplest case of random sampling, unbiased estimators for the
integrals in Eqgs. (3) and (4) are given by the following formulas:

1 m
s = 3 2 ) (12)

1 m
Q%MCS = m—1 Zl:[f(xl) - Il’Lchs]2 (13)

Both p,,. and of . converge to their expected value with an error
that is O(m~(/?); thus, the number of required runs depends on the
desired relative accuracy for the output distribution, but it is
independent of the number of inputs n. Variance reduction tech-
niques [34], such as control variates, antithetic variables, importance,
stratified, Latin hypercube [35], and descriptive sampling [36], have
been developed to achieve faster convergence for MCS methods. An
improved rate of convergence can be obtained, for problems with low
to medium dimensionality, by also using the so-called quasi-
Monte Carlo methods, which substitute computer-generated pseu-
dorandom numbers with low-discrepancy sequences [37]. MCS
methods are a simple and robust solution for multidimensional
integration. However, the number of function evaluations required
suggests adoption of, if possible, alternative methods for RDO,
particularly in the case of computationally demanding analysis
codes. Finally, MCS approaches require appropriate optimization
algorithms able to handle the noise introduced by the propagation
phase in the robust objective and constraint functions [38], such as
evolutionary algorithms [39,40], stochastic approximation [41-43],
and generating set search methods [44]. By contrast, Taylor-based
MM and GQ supply noise-free robust objectives and constraints,
which can be handled by classical gradient-based deterministic
optimization methods [45].

D. Stochastic Expansion

Polynomial chaos expansion (PCE) [46] and stochastic
collocation (SC) [47] are two related techniques that expand f in a
series of random variables, hence the name of SE. Given such
expansion, the required moments can be calculated analytically. PCE
and SC were originally developed to solve stochastic partial
differential equations. Here, the focus is on the so-called nonintrusive
versions of these methods, which consider the deterministic function
f asablack box. Supposing that f is square integrable, its PCE can be
written as

f=aoH, + Zalel(uzl) + Z Zazl ioHy (i, uiy)
il=1i2=1

oo il i2

+ Zzzallﬂl}[—l’%(ulls Upp, U 13) =+ - (14)

il=1i2=1i3=
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where u is a vector of standard normal variables (which can be
derived from x by resorting to the Rosenblatt transformation [48]),
H, is a gth-order multidimensional Hermite polynomial, and the a;
are suitable coefficients. The expansion can also be performed as a
function of other kinds of random variables (also of mixed type) if
other suitable polynomials belonging to the Askey scheme are
chosen instead of the Hermite polynomials [49]. For example,
Legendre, Jacobi, and Laguerre polynomials correspond to uniform,
beta, and exponential distribution, respectively. If we truncate the
expansion at the order N,, we can adopt the following shortened
notation:

N,
IEDIHACY (15)

q=0

where b, corresponds to a; ; i, and x, corresponds to
H,(u;j,up,...,u;,). There are several ways to obtain the
coefﬁcie}nts b,. .For example, by projecting the response f against
the basis function x,, the so-called spectral projection can be
performed:

_ Elfx,(w)]
! Elxg(w)]

where the denominator can be calculated analytically, and the
numerator can be calculated by any quadrature technique, including
MCS and GQ. The coefficients can also be found by linear regression
over the vector of responses f, which is obtained as a result of a design
of experiments:

(16)

xb=f (17)

In a similar way to PCE, SC writes f as
N,
Y LM)f(x,) (18)
q=0

where L, (x) derives from the application of the tensor-product rule
[50] to the one-dimensional Lagrange interpolation polynomial,
given by the following expression:

N
Lw=]]—2 (19)

The optimal choice of x,, is that associated with the so-called Gauss
points: i.e., the roots of the orthogonal polynomial belonging to the
Askey scheme. Hence, the major difference between PCE and SC is
that PCE has to find the coefficients b, given that a polynomial basis
is known, whereas SC gets the coefficients from functional values
corresponding to the Gauss points and has to determine an
interpolant polynomial [50]. It is found in practice that, if the same set
of collocation points is considered, SC can require fewer function
evaluations than PCE to achieve the desired accuracy. However, SC
is less flexible than PCE, which can also evaluate the function of
interest at points that do not belong to the set of Gauss points, thus
increasing the simulation fault tolerance [50]. The interest in SE
methods for design applications is quite recent [31,51,52]. However,
when only the first moments are of interest, there is no clear
advantage in employing SE instead of GQ techniques [31]. On the
other hand, when randomization is involved in the determination of
the coefficients, the same difficulties already discussed for MCS
would hinder the application of gradient-based methods to the RDO
problem.

III. Proposed Uncertainty Propagation Method

The proposed propagation method is based on a quadrature
approach that we may term univariate reduced quadrature (URQ) to
be consistent with the nomenclature introduced in [28]. Starting from

the SP methods [25] and Evans’s statistical tolerancing method [22],
with the aim of obtaining an univariate integration method for generic
nonsymmetric distributions, the following formulas to estimate mean
and variance are obtained (also see the Appendix):

+ _
Hforg = Wof(px) + Z W |:f(x ) %]
P

(20)

p=1

O-]%URQ - Z{WJr []%;M]z + W;[%}_}f(ﬂx)]z

[f(x5) = f(IIf (%) — f(pex)]
+ ;
+W; R } 2n
The sampling points are found as follows:
x _ h “0, € (22)

x,¢p

where e, is the pth vector of the identity matrix of size n and hlf are
given by

2

Vx 3)@
L4\ [T, L 23
2 4 23

£
h,

It can be demonstrated [53] that the quantities h§ defined in Eq. (23)
are always real numbers for our cases of interest (i.e., input
distributions having finite first four moments). The weights have to
be chosen as

1 1
W°_1+pzh+w Wy = nl—hy,
PP it W U i
’ (hy —hy) ’ (h} — 1)
2
Wi=———=
p (l’l;,r _ h;)z

The proposed method requires 2n + 1 function evaluations. Hence,
its cost is comparable to the linearization method: namely, the
moment propagation method in which the first-order derivatives are
determined by means of finite differences. As discussed in Sec. IIL.B,
however, the accuracy of URQ is higher than that associated with the
linearization method.

A. Requirements of Input Variables

The quantification of input uncertainties is usually performed
before the design optimization process. The mathematical model is
chosen to match, as closely as possible, the uncertain knowledge
about the design problem being considered, which is either based on
sufficiently significant statistical data or relies on expert opinion, or a
combination of both. It is well known that a correct quantification of
the input uncertainty is paramount for the reliability of the opti-
mization. In principle, the more information one can include into the
input probabilistic model, the better, as long as the type and level of
uncertainty data are necessary and/or sufficient for the chosen design
strategy and can be handled by the adopted propagation technique.
For example, a detailed modeling of input distribution tails is usually
of secondary importance in RDO, which focuses on variations
around the mean. Similarly, a popular propagation method, such as
first-order Taylor-based MM, would make no use of more
information than the first two moments of the input variables. A key
requirement of the presented propagation approach is that the first
four moments be available for each uncertain variable. Typically,
such information is available in three circumstances:

1) For independent input variables, the input marginal
distributions, each identifying weights and nodes for the quadrature
rule, are known. The joint probability density function (PDF) is, in
this case, given as the product of all the marginal PDFs.



534 PADULO, CAMPOBASSO, AND GUENOV

2) For correlated input variables, if the marginal distributions
(which do not have to be identical) are known, it is always possible to
transform the original set of variables into an uncorrelated set of
variables. For example, this can be achieved by means of the spectral
decomposition [54]

S, = VDV (24)
where
2
Ux, pl,20x| 0x2 pl,no-x, O'X“
2
L1200y, Oy, Tt P20y, 0y,
EXX =
2
Pn10x,0x  Pn20y,0x, *** Oy,

is the input covariance matrix, and p; ; = [cov(x;, x;)]/ 0,0, is the
Pearson product-moment correlation coefficient;

V is the matrix of the right eigenvectors of X, giving the principal
axis of the input distribution, and hence the new coordinate system
x';

D is the diagonal matrix of the eigenvalues of X,,, with each
eigenvalue A;; = 02,.

The interesting feature of such decomposition is that it allows
correlation to be included in a straightforward way into the
propagation phase by choosing the new points as

xE¥=pn, + Chte, (25)
where C = V+/D. Geometrically, this corresponds to a rotation of
the input variable sampling stencil. The spectral decomposition can
be applied to a larger class of distributions than the multivariate
Gaussian distribution. In this particular case, the computationally
cheaper Cholesky decomposition [54] may be adopted, which gives
the covariance matrix as X, = CCT, where C7 is a lower triangular
matrix.

3) For the known joint distribution, except for the textbook
example of multivariate normal distribution, this case is quite rare.
Should it be encountered, copulas [55,56] could be adopted to model
the dependence between the variables. We would then resort to a
Rosenblatt transformation [48] to reduce the input space to a standard
Gaussian space and then perform the propagation.

B. Error Analysis for Generic Distributions

The accuracy of the first two statistical moments obtained by using
the proposed URQ approach is assessed by means of fourth-order
Taylor-series expansions. The first step consists of expanding f(x),
appearing in Eqs. (20) and (21), about p,, and inserting such
expansions into the same equations. By doing so, one obtains the
URQ approximation to the mean and variance of the output function
f in terms of the moments of the input variables and the derivatives of
f. We then define and calculate the error ¢, of the URQ expectation
of f as the difference between the expectation based on the fourth-
order Taylor-series expansion [Eq. (6)] and the URQ expectation.
Similarly, we define and calculate the error €q2 of the URQ variance
of f as the difference between the variance based on the fourth-order
Taylor-series expansion [Eq. (7)] and the URQ variance. The
expressions of €q2 and €q2 are, respectively (see the Appendix for

more details),

&u, = Ms + terms of order > oy (26)

&3, = V3 + V4 + terms of order > o} (27)

These errors coincide with those obtained for one of the SP methods,
the divided difference filter (DDF) [57], in the symmetric case [25],
but they are smaller in the general, nonsymmetric case, since the
DDF method cannot model the term V, o 3. Let us now compare
the errors provided by Eqgs. (26) and (27) with their counterparts
when using I MM. Equation (6) shows that the latter method

considers only the terms M, in the mean estimate, and Eq. (7)
highlights that only the term V is retained in the variance estimate.
The proposed uncertainty propagation method yields an estimate of
the mean, which is always more accurate than that obtained with
I MM. This is because the mean predicted by the latter method is
merely the output function evaluated at the mean of the input
variables and thus appears, albeit incorrectly, as independent of the
variance of the input variables. Conversely, the URQ mean has
accuracy O(o2), as it captures the contribution of the second
derivative appearing in Eq. (6). In the case of nonsymmetric
uncertainty distribution of the input variables, the accuracy of the
URQ mean becomes even higher: namely, O(a3) due to the resolved
contribution of the third-order derivative appearing in Eq. (6).

When the uncertainty affecting the input variables is described by
symmetric distributions (y, = 0) and the output function features
significant cross dependencies of the input variables, the accuracy of
the URQ variance estimate is O(¢2), which is comparable to that
associated with the linearization method. In the case of non-
symmetrically distributed uncertainty of the inputs, however, the
URQ variance becomes O(a3), which is higher than that obtained
with the linearization-based uncertainty propagation.

IV. Analytical Examples

The properties of the presented algorithms are now verified,
assessed, and cross compared by analyzing the probabilistic response
to uncertain input data of some simple but meaningful analytic
functions, which are

D
f(x) = sin(x; —0.2) sin(x, — 0.2)
2)
f(x) =0.5x2 — 1.5x; + 0.7x3 — 1.2x, + 1
3)

f(x) =x2 —0.5x; + 2x3 — 0.5x, + 0.5x2x, + 0.05x2x3 + 0.3
4)

F(x)=17x3 + (1.3 + 0.4x,)x3 + (0.8 — 2x%)x,
+0.1x, — 2.8x3 — 0.5x3

These functions and their coefficients are expressly chosen to
represent instances of output functions in which the terms M, to M5
in Eq. (6) and V, to Vg in Eq. (7) have different relative magnitudes.
Such choice is performed on the basis of the error analysis carried out
in the preceding section, and it aims to highlight the potential
advantages and disadvantages of the proposed propagation method.
For example, it is expected that the accuracy of the URQ variance will
be higher for function 2 than for function 4, since the leading terms of
the error in Eq. (27) are zero in the case of function 2 but not in the
case of function 4. For the given four functions, URQ is compared
with I MM, I MM, Il MM, and when possible, with Stroud
quadrature formulas. The last approach is available in two variants:
one that integrates exactly polynomials of degree 2, and another that
integrates exactly polynomials of degree 3. In the rest of this paper,
the former variant is named S2, and the latter is named S3. The cross
comparison of the probabilistic output of URQ, I MM, S2, and S3 is
of particular interest, as it enables one to verify the expected higher
accuracy of URQ with respect to methods of comparable cost: i.e.,
methods that require a number of function evaluations proportional
to the number of uncertain variables. The II MM and III MM
approaches are computationally more demanding than the four
aforementioned methods, and they would be commonly deemed as
computationally too expensive for engineering RDO. This is
because, in the case n > 2, they require, respectively, O(n?) and
O(n*) deterministic function evaluations for a single robust
functional estimation, if finite differences are used. The analyses
presented in this section, however, have been performed using the
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Table 1 Number of function evaluations required by
the propagation methods assessed in Sec. IV

Propagation method ~ Required function evaluations

I MM (FD) 2n+1
11 MM (FD) 2n% + 1
111 MM (FD) 2(n® +n) + 1
S2 n+1
S3 2n
URQ 2n+1

analytical expression of the derivatives of the four functions. This
type of analytical expression is generally not available in engineering
design problems, whereby the derivatives required by the moment
methods can be determined only by finite differencing in most cases.
Therefore, a meaningful comparison of the computational burden
associated with all the methods for uncertainty propagation
presented in this paper has to be made by assuming the use of finite
differencing for the moment methods. The number of function
evaluations required by all uncertainty propagation methods under
consideration for the calculation of mean and variance of the four
selected functions is reported in Table 1. The number of function
evaluations required by the three moment methods refers to the case
in which second-order-accurate finite differences are used. It should
be noted that, for the more general case of n > 2, the number of
function evaluations required by the I and Il MMs remains O(n) and
O(n?), respectively, but the number required by the Il MM becomes
O(n*). The respective costs of all other methods remain as those
reported in Table 1 for any value of n. Despite the fact that II and
IIl MMs are not frequently used in RDO due to their high
computational cost, we include them in the comparative analysis
provided next because these two methods allow one to better explain
the Taylor-series-based estimation of the error associated with a
particular quadrature formula. All derivatives required to obtain the

Table 2 Mean estimation for Gaussian bivariate input distribution
expressed as percentage error with respect to the solution of a MCS
with 5 x 107 samples

Case oy I MM I MM S2 S3 URQ
11 MM
1 0.05 0.250 0.007 0.003  —0.000  —0.000
0.175 3.112 0.044 0.104 —-0.030 —0.022
0.3 9.408 —0.159 0442 -0.292 -0.219
2 0.05 0.604 0.000 0.000 0.000 0.000
0.175 7926 —0.006 —0.006 —0.006 —0.006
0.3 27.556 0.004 0.004 0.004 0.004
3 0.05 -0315 -0.001 —-0.001 —0.001 —0.001
0.175 -3.732 —-0.008 —-0.020 —0.008 —0.008
03 -10.227 -0.021 -0.075 -0.021 —0.021
4 0.05 0.044 —-0.000 —0.002 —0.000 —0.000
0.175 0.553 0.002  —0.049 0.002 0.002
0.3 1.634 —0.002 —0.264 —0.002 —0.002

Table 4 Mean estimation for uniform bivariate input
distribution expressed as percentage error with respect
to the solution of a MCS with 5 x 107 samples

Case oy IMM I1IMM S2 S3 URQ
I MM
1 005 0.251  0.008 0.004  0.001 0.001
0.175 3.121  0.053 0.113 —-0.021 —-0.022
0.3 9.512 —-0.064 0.537 —0.197 -0.212
2 005 0.605  0.001 0.001 0.001 0.001
0.175 7.925 -0.008 —0.008 —0.008 —0.008
0.3 27.551 —0.000 —0.000 —0.000 —0.000
3 005 -0317 -0.002 -0.002 -0.002 —0.002
0.175 -3.723  0.002 -0.010 0.002  0.002
03 -10.224 -0.018 -0.072 -0.018 —0.018
4 0.05 0.044 —0.000 —0.002 —0.000 —0.000
0.175 055 —0.001 -0.052 -0.001 —0.001
0.3 1.641  0.005 —0.257  0.005  0.005

results provided next have been calculated analytically. The results
shown in Tables 2—7 are presented as percentage errors calculated
with respect to the solution of a MCS with 5 x 107 samples. The
mean of the input variables is fixed at g, = 1. The accuracy of the
considered methods is tested by gradually increasing the input
standard deviation. Tables 2 and 3 provide, respectively, the mean
and variance estimation corresponding to bivariate normal input
variables, while Tables 4 and 5 report the same estimates for the case
of uniform distribution of the input variables. Tables 6 and 7 deal
instead with an instance of nonsymmetric input variables, the
uncertainty of which has been modeled by generalized gamma
distributions with skewness y, = 0.5 and unitary mean. As for the
estimation of the mean, URQ approximates the function behavior
better than I MM: for all three types of input uncertainty, the URQ
error relative to the MCS result is at least one order of magnitude
smaller (more than two orders in numerous instances) than the
relative error observed when using I MM. The results of Table 6
reveal that, in the asymmetric case, the URQ relative error can be
even smaller than that associated with I MM, which uses second-
order derivatives. This is due to the fact that the URQ quadrature
takes into account the term M5 in Eq. (6), which includes third
derivatives. In the symmetric cases, in which I MM and IIIl MM
coincide, S2, S3, and URQ exhibit a similar mean estimation
accuracy. In the case of asymmetric input distributions, however, S2
shows a lower accuracy of the predicted mean with respect to URQ.
This is due to the fact that, unlike URQ, S2 cannot model the term M5
in Eq. (6). It should also be noted that it is not possible to apply S3 in
the asymmetric case [6].

As for the estimation of the variance, in the symmetric case, URQ
has the same accuracy of MM, S2, and S3. The case of function 2 is
an exception for which URQ performs better, since f(x) does not
have cross-derivative terms [the terms V; and V, in Eq. (7) are both
zero]. If such terms are present but negligible, the URQ estimates
approach the results of IIl MM. In such cases, URQ is more accurate
than II MM for variance estimations. The opposite would be

Table 3 Variance estimation for Gaussian bivariate input distribution expressed as
percentage error with respect to the solution of a MCS with 5 x 107 samples

Case oy IMM I MM 11 MM S2 S3 URQ
1 0.05 0.341 0.592 0.090 —3.372 0.089 0.138
0.175 3.147 6.306 —0.012 —11.434 0.972 1.589
0.3 9.353 19.195 —0.489 —19.073 2.859 4.756
2 0.05 —1.282 —0.022 —0.022 1.142 —1.248 —0.022
0.175 —13.498 0.022 0.022 —5.933 —13.132 0.022
0.3 —31.488 —0.020 —0.020 —21.04  —30.638 —0.020
3 0.05 —0.204 —0.049 0.008 —2.029 —0.202 —0.064
0.175 —2.540 —0.685 0.004 —8.468 —2.509 —0.868
0.3 =7.177 —1.984 —0.056 —16.37 —7.088 —2.495
4 0.05 —0.113 0.026 —0.043 —4.917 —0.165 —0.186
0.175 —0.847 0.846 0.003 —17.274 —1.483 —1.729
0.3 —2.507 2.384 —0.050 —29.694 —4.327 —5.018
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Table 5 Variance estimation for uniform bivariate input distribution expressed as percentage error
with respect to the solution of a MCS with 5 x 107 samples

Case oy IMM I MM 1 MM S2 S3 URQ
1 0.05 0.282 0.458 0.057 —3.429 0.030 0.100
0.175 2.930 5.137 0.093 —11.62 0.760 1.628
0.3 8.609 15.451 —0.188 —19.623 2.160 4.797
2 0.05 —0.504 0.003 0.003 1.939 —0.470 0.003
0.175 —5.862 0.023 0.023 2.370 —5.465 0.023
0.3 —15.548 —0.033 —0.033 —2.669 —14.500 —0.033
3 0.05 —0.129 —0.058 —0.000 —1.955 —0.126 —0.073
0.175 —1.550 —0.690 0.006 —7.538 —1.518 —0.874
0.3 —4.482 —2.029 —0.045 —13.942 —4.390 —2.554
4 0.05 —0.101 0.017 —0.009 —4.906 —0.154 —0.152
0.175 —1.113 0.323 0.005 —17.496 —1.747 —-1.727
0.3 —3.196 0.935 0.022 —30.191 —5.003 —4.948

Table 6 Mean estimation for generalized gamma (skewed)
bivariate input distribution expressed as percentage error with
respect to the solution of a MCS with 5 x 107 samples

Case [ IMM 1IMM HIIMM S2 URQ

1 0.05 0.253  0.009 0.007 —0.001 0.000
0.175 3.198  0.127 0.037 —0.064 —0.024
0.3 9.861 0254 —-0.227 —-0471 —0.246
2 0.05 0.604  0.000 0.000  0.000 0.000
0.175 7.933  0.000 0.000  0.000 0.000
0.3 27.551  0.000 0.000  0.000 0.000
3 0.05 -0316 -0.001 —0.001 —0.001 —0.001
0.175 -3.728 -0.003  —0.003  0.010 —0.003
0.3 -10.221 -0.015 —-0.015 0.052 —-0.015
4 0.05 0.045 -0.000 —0.000 0.001  —0.000
0.175 0561  0.011 —-0.001 0.062 —0.001
0.3 1.697  0.061 0.000 0.323 0.000

observed, however, for quadratic functions with significant
interactions (see Sec. IILB). In the asymmetric case, URQ has a
better accuracy than I MM and S2, achieved by incorporating the
term V, in Eq. (7). This is highlighted by the results of Table 7,
particularly by those referring to the case of function 3. The results for
functions 1 and 4 show the same behavior for o, = 0.05. When the
input standard deviation increases, the effect of the interactions
between variables becomes significant, and this reduces the accuracy
of URQ for such cases.

V. Gradient-Based Robust Optimization

The proposed uncertainty propagation method gives deterministic
estimates of /¢, 0, it,,, and o, , which are then suitably combined to
form the robust objectives and constraints. Despite its underlying
probabilistic formulation, the uncertainty propagation can be treated
in a deterministic fashion, and the robust optimization can be dealt

Table 7 Variance estimation for generalized gamma (skewed)
bivariate input distribution expressed as percentage error with
respect to the solution of a MCS with 5 x 107 samples

Case [ IMM 1IMM IIMM S2 URQ

1 0.05 2.956 0.664 0.117 6.198 0.103
0.175  13.032 6.927 —0.429 23.585 1.510
0.3 26.949  20.404 —3.875 42.809 4.202
2 0.05 0.391 0.008 0.008 —2.039 0.008
0.175 —10.649 0.003 0.003 —18.086 0.003
0.3 —30.164 —0.020 —0.020 —39.947 —0.020
3 0.05 —2.821 —-0.081 —0.025 —-0.971 —0.096
0.175 —-10912 -0.705 —0.075 —4.668 —0.871
0.3 —-19.872 —1.950 —0.285 -9.749  —-2.390
4 0.05 0.824 0.113 0.029 5729 —0.114
0.175 2.145 0926 —0.110 19.753  —1.823
0.3 2.355 2501 —0.551 32924 —5.398

with by means of classical optimization algorithms. When the
functions representing the deterministic response and/or constraints
of the system are differentiable, the proposed propagation technique
can be efficiently used in gradient-based optimization: since the
robust objectives and constraints are not built using derivatives, their
gradients are obtained through a combination of the deterministic
gradients calculated at the sampling points defined by Eq. (22).
Therefore, the equations of mean and variance sensitivities are,
respectively,

opy af x 1 af 1 af
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Requiring a single level of differentiation directly benefits gradient-
based methods, the performance of which heavily depends on the
accuracy of the supplied derivatives. This is because analytical
expressions of objective functions and constraints are typically not
available. These functions are often defined numerically, by means of
computer programs. When the source code of such programs is
available, one could use certain techniques to obtain exact
derivatives, but this is usually only a viable option for the first
derivatives. When the source code is not available, however, all
derivatives required by the optimizer, and possibly those needed for
building the robust functionals when using the MM, have to be
determined by finite differencing. In this case, the major drawback of
using the MM for the calculation of the robust functionals is the
introduction of additional levels of differentiation, because each
additional level leads to accumulation of truncation and roundoff
errors. Among the possible approaches to the calculation of
derivatives in the framework of robust gradient-based optimization,
we mention the following three options:

1) For finite differences (FDs), the accuracy of the derivatives
suffers from both truncation and roundoff errors, and such errors
clearly increase if a double layer of derivation is required [58]. This
would be the case if the uncertainty propagation were based on the
first-order moment propagation. The situation becomes even worse
when using quasi-Newton methods, in which the Hessian updates
based on gradient evaluations may be corrupted due to the
aforementioned inaccuracies. For a given common approach to the
calculation of gradient and Hessian of robust objectives and
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constraints, the URQ would result in smaller truncation and roundoff
due to the lack of finite differencing in the analysis step.

2) For AD, currently, the computationally most convenient adjoint
differentiation is well established for only gradient evaluation. If the
linearization method were used, the evaluation of the Hessian would
require the use of the computationally less effective forward AD
mode. The AD technologies can be adopted only if source codes are
available. Given that forward and backward AD are well established
for only the calculation of lower-order derivatives, one notes again
that derivative-free uncertainty propagation methods like URQ are
likely to lead to smaller truncation and roundoff errors than
derivative-based methods, because the latter ones are more likely to
require finite differencing for evaluating robust functions of the
gradients required by the optimizer.

3) For the CVM, this method is also applicable only if the source
code is available, and it yields gradients with no roundoff errors;
formulas for derivatives of order 2 and higher, however, involve the
use of subtractions and, therefore, they are not immune from
roundoff errors [39]. In view of this feature, the same remarks on
truncation and roundoft errors made in the case of the AD approach
are also applicable to the CVM case.

In all of the three aforementioned cases, there is no significant cost
increase of the URQ-based robust optimization step with respect to
the case in which I MM is used for the propagation phase.
Considering a scalar function y = f(x), in the most expensive case,
when FDs are used to obtain the derivatives, such costis O(#n?), and it
reduces to O(n) in the best case, in which adjoint techniques are used
for the first level of differentiation.

As mentioned previously, when the terms V3 and V, in Eq. (7) are
negligible (for example, when the input variables have weak cross
interactions), the URQ variance estimate would exhibit an accuracy
comparable with that of IIl MM at a computational cost comparable
with that of | MM. In general, it would be useful to estimate, during
the optimization, the error yielded by the terms V; and V, to keep
under control the accuracy of the URQ propagation method. In the
context of gradient-based optimization, and for the case in which the
uncertain variables are a subset of the design variables, such accuracy
monitoring can be achieved at no extra cost by using the derivatives
calculated by the optimizer at each major optimization step. In fact,
the higher-order derivatives appearing in the terms V; and V, can be
approximated by FDs of the gradient values calculated on the URQ
stencil, resulting in the following formulas:
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Being able to estimate the accuracy of the propagation phase
constitutes a significant enhancement with respect to current
practices based on the MM, for which the accuracy of the
probabilistic estimates is checked, if at all, only at the optimal design
point.

VI. Transonic Airfoil Design Optimization

In this section, the proposed URQ approach is applied to the
problem of transonic airfoil design at the conceptual stage. The
objective is to guarantee minimum sensitivity of the optimal aero-
dynamic performance with respect to variations of the geometry,
which might occur at later stages of the development process (other
sources of geometrical uncertainty can also be taken into account by
RDO, as demonstrated in [60]). This test case concerns the
optimization of an airfoil shape for transonic flight conditions. Three
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Fig. 1 PARSEC-11 geometry parameterization.

main components need to be combined for the study: 1) a geometry
generation module, which creates the airfoil profile using a set of
geometric design parameters; 2) a CFD code, which calculates the
aerodynamic characteristics of the airfoil at hand; and 3) an
optimization algorithm, which selects suitable values for the inde-
pendent variables at each step of the optimization.

In the present study, these three modules have been wrapped by a
MATLAB script that controls all phases of the design process and
allows the MATLAB built-in gradient-based optimizer to be used for
the problem at hand. The geometry parameterization and the CFD
code are briefly described in the following subsections.

A. Geometry Generation

A variety of shape representation methods have been used in
optimization studies. They include B splines [61,62], Hicks—Henne
functions [63], Wagner functions [64], PARSEC-11 [65], and class
shape transformation [66]. The choice of a particular technique is
based on the technique’s suitability for the application being
considered. In the present work, we make use of the PARSEC-11
parameterization because of its intuitive airfoil description and the
relatively small number of parameters it requires for defining the
airfoil geometry. This method, developed by Sobieczky [65], is often
used in airfoil and wing optimization. It makes use of a fractional-
order polynomial to describe the (I, &) coordinates of the upper and
lower surfaces of an airfoil:

6
h=>"a;(x)I? (32)
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where [ varies between zero and one. The coefficients a; of the
polynomial are real and depend on the design vector x through
simple mathematical relations. The design vector x is composed of
11 geometric parameters, such as radius of curvature, maximum crest
value, and maximum crest location, as illustrated in Fig. 1. The
parameters are described in Table 8, which also provides their bounds
for the deterministic problem. In [67], Padulo et al. have highlighted
some issues associated with the use of PARSEC-11 for airfoil
geometry parametrization. In particular, we have shown that
PARSEC-11 is sometimes prone to failures that may hinder both the
uncertainty propagation and the optimization processes. To tackle
such a problem, a methodology based on self-organizing maps and
aiming to achieve a robust parameterization within the design space

Table 8 Considered design variables, airfoil test case

Design variable Definition Bounds [x;, xy]
e Leading-edge radius [0.005, 0.009]
Lyp Upper surface maximum crest [0.360, 0.450]

location
L Lower surface maximum crest [0.300, 0.560]
location
hyp Upper surface maximum crest [0.045, 0.057]
hi, Lower surface maximum crest [—0.058, —0.040]
Iijp Upper surface curvature at [, [—0.555, —0.260]
hyo Lower surface curvature at /;, [0.280, 1.100]
he Trailing-edge position [—0.020, —0.009]
Ahy Trailing-edge thickness [0.005, 0.008]
B Trailing-edge aperture angle, deg [0.100, 0.290]
[ Angle of trailing-edge bisector, deg ~ [—0.130, —0.080]
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was proposed in [67]. The parametric space adopted for the study
reported next was identified through the application of such
methodology.

B. Computational Fluid Dynamics Code

The CFD code used for this study is viscous Garabedian—Korn
(VGK) [68]. It can predict the aerodynamic characteristics of airfoils
in subsonic freestream by coupling the full potential equations
governing the inviscid flow region and the integral equations
representing the viscous flow region. The code can also account for
mild shocks by using an approximate form of the Rankine—Hugoniot
equations. VGK has good accuracy for flows with attached
boundary-layer weak shock waves with a Mach number before the
shock smaller than 1.3, as assessed by means of comparisons of its
results with those computed by other codes, and with experimental
results [68,69]. This CFD code takes the user-provided lift as an input
variable, and it determines, in an iterative fashion, the angle of attack
for which such target lift is achieved. Other outputs of interest are the
viscous and wave drag coefficients. The calculation of the former
parameter is based on the far-field momentum thickness, applying
the Cooke implementation of the Squire and Young approximation.
The calculation of the latter parameter is accomplished by using
Lock’s second-order method.

The coupled potential and viscous equations are solved iteratively
by means of a two-level grid-sequencing algorithm [68]. For the
airfoil geometries considered in this study, the first four digits of the
drag coefficient usually become constant after a total of 100 coarse-
grid iterations and 300 fine-grid iterations. This is visible in Fig. 2a,
which reports the convergence of the drag coefficient as a function of
the fine-grid iteration count. This plot refers to the airfoil geometry
used to initialize the optimization process. It should be noted that the
convergence of the CVM-based first derivative of the drag with
respect to the design variables is slightly slower than that of the drag
itself. This is highlighted in Fig. 2b, which reports the derivative of
the drag coefficient with respect to the leading-edge radius against
the fine-grid iteration count. The first four digits of the derivatives of
the drag coefficient usually become constant within 400 to 500 fine-
grid iterations. To guarantee convergence of the drag coefficient and
its derivatives, the number of iterations adopted for all the airfoil
analyses required by the RDO, reported next, has been 200 for the
coarse grid and 600 for the fine grid. Further details on the
construction of the CVM derivatives in the VGK code are given in
[53]. The developers of VGK originally conceived this program for
interactive use only. The integration of VGK in the automated design
optimization framework developed to perform the RDO exercise
reported next has required the development of an interface to the
MATLAB controller, including appropriate preprocessing and
postprocessing modules. In particular, the postprocessing modules
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include suitable tests to verify the reliability of the VGK results and
help the code converging for particularly difficult flow conditions
resulting from the analysis of airfoils with fairly nonaerodynamic
shapes. Such airfoil geometries may be encountered during
intermediate stages of the optimization, but they are bypassed by the
RDO framework, as they are found to not satisfy any optimality
condition. The stability enhancement of VGK required to cope with
the aforementioned unusual airfoils is achieved by automating the
variation of numerical input parameter controlling stability and
convergence of the calculation [70] (e.g., maximum number of
iterations). No test is implemented to automatically verify the quality
of the grid. The details of the implementation can be found in [71].

C. Formulation and Solution of the Robust Design
Optimization Problem

The deterministic problem of interest is the minimization of
the drag coefficient ¢, with respect to the vector x specifying the
PARSEC-11 parameters. The lift coefficient is fixed and, within the
VGK analysis, the angle of attack to each considered airfoil is
changed so that the same user-given lift coefficient is maintained.
Two of the considered constraints regard the pitching moment
coefficient c,,; the third and fourth prescribe a minimum thickness at
12 and 60% of the chord /, where the main spars are assumed to be
located. The problem can be formulated as follows:

The objective is to minimize the drag coefficient ¢, with respect to
the design variables x.

Constraints:

1) Pitching moment:

¢, >—0.10= g, =—c, —0.10
2) Pitching moment:
¢y <—0.04= g,=c¢, +0.04
3) Thickness at 12% [:
thickness;,q, > 0.076 = g3 = —thickness,q + 0.076
4) Thickness at 60% [:

thickness ¢oq, > 0.072 = g3 = —thicknessgq, + 0.072

The flight conditions considered are shown in Table 9.

The optimization of the airfoil shape is considered subject to
uncertainty in the geometric parameters. The robust problem is hence
setup by assigning a probability distribution to the 11 input variables,
which is propagated to the probabilistic distributions of the objective
function and the constraints. The input variables are described by
independent Gaussian variables with a standard deviation equal to
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Fig. 2 Comparison of the convergence for the CFD output and its CVM derivative.
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Table 9 Flight conditions and VGK settings

Parameter Value
Mach number 0.72
Reynolds number 21.1-10°
Transition location, upper surface 1% chord
Transition location, lower surface 1% chord
Lift coefficient ¢, 0.707

3% of the input variable ranges. Such a coefficient of variation for x
corresponds to a coefficient of variation of 7% for both the maximum
thickness and the camber, which can be considered appropriate for
the conceptual phase of the airfoil definition. The initial profile is
derived from previous studies considering different flight conditions.
The mathematical problem to be solved is hence formulated as in
Eq. (2), where the adopted coefficients are kf =2, ky =1, and
kg, =1.22,fori =1,... , 4. To demonstrate the validity of the URQ-
based propagation strategy in the context of gradient-based
optimization, we proceed to compare its results against those
obtained with the frequently used first-order MM for the design
problem at hand. Such comparison is performed by carrying out two
different optimizations: the first using | MM and the second the URQ
technique.

The gradient-based optimizer that we have used is FMINCON,
which is the constrained nonlinear optimizer of the MATLAB
Optimization Toolbox [72]. This algorithm uses a sequential
quadratic programming method, in which a quadratic programming
subproblem is solved at each iteration. A quasi-Newton estimate of
the Hessian of the Lagrangian is obtained by using the Broyden—
Fletcher—Goldfarb—Shanno formula. The convergence of this
algorithm is superlinear with respect to the optimization steps when
dealing with smooth functions. Further details on the algorithmic
features of FMINCON can be found in [72].

To unequivocally attribute the discrepancies between the two
optimization processes and results to the adopted propagation
methods only, we use a common procedure for calculating all the
derivatives required by the optimizer in both URQ and I MM
optimizations. The first derivatives required by FMINCON have
been computed using the accurate CVM in both optimization setups,
so as to ensure the same accuracy for the calculation of all the
derivatives used to steer the two optimizations. The calculation of the
URQ-based robust functions is derivative free; the calculation of the
moment-based robust functions, conversely, requires derivatives,
which have been determined by means of finite differences. As
previously mentioned, this is a significant drawback of moment
methods because, in most practical design problems, it may be hard
to avoid the numerical noise due to the roundoff errors associated
with finite differencing. An additional related problem is the choice
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Table 10 Nominal features of RDO solutions and initial profile

Parameter Initial profile IMM URQ
cq 0.00852 0.00797  0.00784
1 0.70697 0.70702  0.70704
C —0.06263 —0.09371 —0.09488
thickness;,q, 0.07769 0.07688  0.07683
thicknessggq, 0.07361 0.08909  0.09083
angle of attack «, deg 1.860 1.191 0.954

of an optimal step for finite differencing. This parameter should not
be too small, to avoid excessive roundoff errors, or too large, to
prevent the truncation error from growing without bounds. Optimal
ranges often do not exist due to strong nonlinearity of the function at
hand. Preliminary studies were carried out in the attempt of
determining optimal differencing steps to be used in the I MM-based
optimization discussed in the following section. This aspect is
thoroughly discussed and documented in [53].

D. Results

The I MM and the URQ optimization exercises result in two
different optimal profiles. The characteristics of the initial airfoil, and
those of the two new airfoils obtained by means of the URQ-based
and I MM-based RDOs, are reported in Table 10. The solution given
by the URQ optimization has lower drag than that found when the
I MM is employed. This is due to the more effective reduction of the
shock located on the upper surface of the initial airfoil at
approximately / = 0.35 (Fig. 3b). As visible in Fig. 3a, the main
geometrical differences between the two robust optima regard the
trailing edge and the curvature of the rear upper and upper parts of the
airfoil.

Figure 4a shows that, when the URQ quadrature is adopted for the
uncertainty propagation, the optimizer converges to the solution in
fewer iterations than in the case of uncertainty propagation based on
IMM, and it does so without the strong oscillations of the expectation
of the objective function observed in the I MM case. The smoother
convergence of the URQ-based optimization is due to the fact that the
numerical noise of objective functions and constraints is smoothed to
alarger extent when using an integral approach (as URQ does) rather
than a differential approach (as I MM does) to the propagation of
uncertainty. The larger sampling step of the URQ approach, which
depends on the input moments as indicated by Eq. (22), results in
enhanced smoothing of the numerical noise. Conversely, such noise
spoils the accuracy of any finite difference in the I MM case.
Figure 4b shows how the error estimate of the variance of the
objective function relative to the third-order MM, obtained by means
of Egs. (30) and (31), varies during the optimization. The final error
estimate of the variance is about 2%, and we also observe that the

15 T
—e=initial profile

eeocese S8 -+-optimal profile I MM
=-optimal profile URQ

ST v
U= e W |

-15 -
0 0.2 0.4 0.6 0.8 1

b) Pressure distribution

Fig. 3 Robust optimizations solutions compared with the initial profile.
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Fig. 4 I MM and URQ optimizations.

error estimate occasionally exceeds 10% before the optimal solution
is achieved. The magnitude of this error could be due to local strong
nonlinearities of the deterministic objective function. In the course
of other optimization exercises (not reported herein), we have
sometimes observed that the errors indicated by this error estimator
were higher than those visible in Fig. 4b. In these circumstances, a
suitable higher-order quadrature method should be adopted to
improve the accuracy of the variance of the objective functions and/
or constraints.

To assess the robustness of the two optima and analyze their
features in more detail, a postoptimal analysis is performed by means
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of a MCS (Latin hypercube with 6000 samples). The two optima X o,
are represented again as Gaussian random variables with variances
equal to that used throughout the two optimizations. Figure 5a shows
that the URQ-based optimal design outperforms the | MM-based one
in terms of drag robust optimality, as both the mean and the variance
of the former are lower than those associated with the latter. The
statistical distribution of the pitching moment associated with the
initial geometry and the two robust optima is depicted in Fig. 5b,
whereas the distribution of the thickness induced by the robust
optimization at the location where the two constraints have been
enforced can be observed in Figs. 5c and 5d.
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Fig. 5 MCS validation of optimal results.
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Table 11 Postoptimality analysis: relative error on mean and variance estimation of objective and
constraints with respect to MCS

Mean estimation

Variance estimation

Objectiye/ Xopt,IMM Xopt,URQ Xopt,IMM Xopt,URQ
constraint
cy 0.43 x 102 —0.15x 1073 0.72 —0.14
Cm —0.38 x 1072 —0.18 x 1073 0.20 0.18 x 107!
thickness g, 0.18 x 107* 0.24 x 10 0.10 x 107! —0.02 x 1072
thicknessgg, -0.62 x 107 0.69 x 1073 0.71 x 107! —0.86 x 1072

The first and third columns of Table 11 report the percentage
difference between the I MM-based optimum and its MCS
reconstruction. The first column refers to the mean, and the third
refers to the variance. The second and fourth columns report the
percentage difference between the URQ-based optimum and its
MCS reconstruction in terms of the same variables. These results
highlight the significantly higher accuracy of the URQ approach with
respect to the linearization method. It should also be noted that the
computational cost associated with the evaluation of the robust
objectives and constraints accomplished by the two methods is
comparable, and in this particular problem, the URQ-based
optimization requires fewer iterations than the I MM one. This is
presumably due to the noise associated with the truncation error of
the finite differences used to evaluate the moments of objectives and
constraints.

VII. Conclusions

Presented in this paper is a novel uncertainty propagation
technique based on a URQ rule. The method allows one to construct
deterministic estimates of the mean and variance of nonlinear
functions computed by analysis codes of any complexity. The use of
such a technique requires a computational cost comparable to that of
the linearization method, but it allows a higher accuracy to be
achieved. Moreover, the derivative-free nature of the URQ is
advantageous with respect to linearization in the context of gradient-
based optimization, since a URQ robust optimization procedure
requires one less level of differentiation with respect to the case of
uncertainty propagation based on first derivatives.

Further benefits of the method include the ease of implementation,
since the sampling step is entirely determined on the basis of the input
distribution, and its ability to deal with CFD noise, which may
ultimately complicate the optimization process. Furthermore, the
URQ approach does not require the source code that performs the
deterministic analysis and, for this reason, can also be easily used
with commercial analysis software.

By solving a robust optimization problem focusing on the
conceptual design of a transonic airfoil, it has been shown that the
solutions obtained using the URQ approach to uncertainty
propagation can outperform those obtained using the linearization
method. It has also been shown how the error with respect to methods
based on higher-order Taylor-series expansion can be kept under
control during the optimization phase. In the study reported herein,
this feature is used only to monitor accuracy as the optimization
process progresses. Future work will investigate the possibility of
using higher-order quadrature rules at points of the design space
where the mean and variance errors exceeds predefined thresholds.
The proposed URQ-based uncertainty propagation methodology is
fairly general and can be applied to a broad range of design
optimization problems of multidisciplinary nature.

Appendix: Accuracy of the Univariate Reduced
Quadrature Propagation Method
The idea behind the development of the URQ method is to provide
an integration formula for solving Egs. (3) and (4) by matching the
highest possible number of terms of the mean and variance
expressions based on a third-order Taylor-series expansion. The

complete representations of mean and variance based on such Taylor
expansion are provided by Egs. (6) and (7), respectively. In analogy
with Gauss-type quadrature formulas [73], our formulas can be
written as weighted sums of functional values. By considering two
nodes for each dimension of the input space D, with D € R”, plus a
central point corresponding to the mean p,, one can write the
following expressions:

pp=Wof (y) + Y _IWaf () + Wef(x;)]  (AD

=Y W) = F(roP + Wylf(x;) — f(po)P
p=1

+ Welf(x3) = frIf (%) — f ()]} (A2)

The sampling points are defined as follows:
X, =Wy + 0, e, (A3)

To simplify the notation, in the following, it is assumed (without any
loss of generality) that o, = 1. Suppose that f is analytic on the range
[x,, x}]. Therefore, the functional values f(x;) and f(x},) can be
written by means of a Taylor-series expansion centered at u ., leading
to the following equations:

o'f (hy)'

i!

) = Fry) + Z (A4)

0

() = fmy) + o, i!

(A5)

Substituting Eqs. (A4) and (AS) into Egs. (Al) and (A2), the
following equations are obtained:

1y = Wof (y) + Z[f(ux)(wA + Wp)

p=1

= ﬂWA(h;)i + WB(h;)ii| (A6)

— axi, il
o}
- AV f Wa(hH)™ + Wy (hy)™ + We(hy) (h)
< i, dx) ilj!

Mg

>

p=1i=1j

(AT)

These equations are the URQ approximations of mean and variance.
Their accuracy depends on the value chosen for the weights W, Wy,
Wg, W,, W,,and W, and for the sampling locations identified by A,
and h;,. To find the best values for such parameters, one needs eight
conditions. These can be obtained by equating Egs. (A6) and (A7) to
Eqgs. (6) and (7), respectively. One can observe that it is possible to
resolve the terms M1, M2, M3, and M4 in Eq. (6) and the terms V1,
V2, V5, and V6 in Eq. (7). The terms M5, V3, and V4 cannot be
resolved, since Eqgs. (A6) and (A7) do not feature cross-derivative
terms. These conditions lead to the following system of equations:
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Wo + ZZ:I(WA + WB) =1

Waht + Wghy =0

W (hf z+ WB(h,‘,)2 =1

Wy (hI)3 + WB(h;)3 =Vx,

Wy (h;r)4 + WB(h;)4 = rx,, (A8)
W, ()2 + W, () + Wohithy =1

W, () 4+ Wy () + 5= [(h )2 h, + b (b)Y =y,

W (h9)* 4+ Wy ()t + 5= (k)3 hy + by ()] =T,

W (B + Wy (hy)* + We(h))*(h,)* =T, —1

It can be shown that the sixth, seventh, and eighth equations of this
system are linearly dependent, and that only two equations among
these are independent. Discarding one of these three equations, we
are left with eight independent equations that uniquely determine the
eight parameters identifying the weights and the sampling locations.
The solution of the system is

Vs 3y;
hE =241, — 0
) » g

(A9)
and
n 1 1
Wo=14) —/—: Wa=grg——
;h;hp h;r(h;r_hp)
1 (W) — hth — 1
Wp=—"rr——3 W, = %
hp (hp - hp) (hp) (hp - h[))
_ (hy)? —hyhy, — 1 2

W =S W(‘ =

Ty = hy ) Iy iy = hy)?
After some simple algebraic manipulation on the expressions of the
weights, we can rewrite Egs. (A1) and (A7) and the expressions of the
weights as in Sec. III.
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